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Abstract 

Noncommutative oscillators are first-quantized through an abelian Drinfel'd 
twist deformation of a Hopf algebra and its action on a module. Several impor- 
tant and subtle issues making possible the quantization are solved. The spectrum 
of the single-particle Hamiltonians is computed. The multi-particle Hamiltonians 
are fixed, unambiguously, by the Hopf algebra coproduct. The symmetry under 
particle exchange is guaranteed. In d = 2 dimensions the rotational invariance is 
preserved, while in d = 3 the so(3) rotational invariance is broken down to an so(2) 
invariance. 
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1 Introduction 



In this paper the d- dimensional noncommutative oscillators are first-quantized in terms 
of an abelian Drinfel'd twist deformation of a Hopf algebra and its action on a module. In 
the literature (for a review see [U [21 E] and the references therein) several works have been 
devoted to the quantization of noncommutative dynamical systems and, in a few cases, 
of noncommutative oscillators [l]-|14j. Most of the works adopt a pragmatic viewpoint 
and the techniques of the noncommutative space making use of the Moyal product, see 
[T5| IT6] . On the other hand the noncommutativity can be neatly encoded [T71 HU [19] 
in the framework of the Drinfel'd twist deformation of a Hopf algebra (for a review, see 
[2D1 EB [221 [23] ) • For a noncommutativity induced by a constant matrix the twist is abelian 
and the Hopf algebra under consideration is in general given by a (deformed) Universal 
Enveloping Lie Algebra [21]. There is a hyatus, however, between the formal aspects 
of the Drinfel'd twist approach to noncommutativity and its concrete application to the 
operatorial quantization of a dynamical system. There are a few fundamental issues, not 
addressed in the more formal literature on Drinfel'd twist, that have to be settled and 
solved before applying the twist-deformed Hopf algebra framework and its action on a 
module to the quantization of a given dynamical system. We can just mention some of 
the aspects that have been discussed (and solved) in previous works of our collaboration 
(with different authors). We can cite, e.g., the role of the Planck constant h (which 
has to be treated as the central element in the Heisenberg algebra and as a constant 
operator [21]), the introduction of a new dynamical Lie algebra generated by primitive 
elements (composite operators which have to be regarded as Hopf algebra generators of 
their own, see [25]), the breaking of the rotational invariance generated by the twist (the 
Lie-rotational algebra recovered by twisted generators under twisted brackets [2H [23 [2H] 
being only a formal construction which does not correspond to a dynamical symmetry, 
|25j). etc.. It is commonly stated that the devil is in the details. Then, the aim of 
this paper is to work out the "devilish details" involved in a Drinfel'd twist quantization 
based on first principles. Even if we explicitly present our results just for noncommutative 
oscillators we get, as a bonus, a broad scheme to be applied to the first-quantization of a 
generic non-relativistic Hamiltonian system. 

Concerning the applications to the noncommutative oscillators we are able not only 
to recover, but also to extend the results previously obtained in the literature (see [2S1 
[30] and [TO], [13]) for a generic central potential. The full power of the Hopf algebra 
scheme is at work here. We illustrate this feature by comparing our results with the 
ones obtained by the important references [TUl [13]. In these papers the single-particle 
spectrum for the noncommutative oscillators has been derived. Our own results for the 
single-particle spectrum coincide with their findings. On the other hand, the existence 
of the coproduct allows us to unambiguosly fix the deformed 2-particle Hamiltonian (and 
also, due to associativity, the deformed multiparticle Hamiltonian). In [23 [301 Ell EES] the 
noncommutative Hamiltonian for the multiparticle sector was not discussed. Indeed, it 
is quite hard to figure out which would be the correct Hamiltonian without the guiding 
principle of the coproduct. On the other hand, at an operatorial level, the knowledge of 
(at least) a 2-particle operator is essential to detect whether the theory is truly deformed 
or not. The deformed 2-particle Hamiltonian is not additive since it is not given by 
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the sum of two deformed single-particle Hamiltonians. It turns out that this is the key 
physical issue expressing the twist-deformation or noncommutativity of the dynamical 
system. Indeed, the single-particle spectrum can be reproduced by a suitably chosen 
undeformed Hamiltonian. Therefore, we need to perform measurements involving at least 
a 2-particle operator in order to detect whether we are dealing with a deformed system 
or an undeformed one (an undeformed 2-particle Hamiltonian is obviously additive). 

Concerning 2-particle and multiparticle operators we have that, applied to a mod- 
ule, the deformed coproduct of the deformed Hamiltonian is unitarily equivalent to the 
undeformed coproduct of the deformed Hamiltonian. In this latter case the 2-particle 
Hamiltonian is invariant under the operator P which exchanges the two particles. For the 
deformed coproduct of the deformed Hamiltonian the invariance under the permutation 
group is realized in terms of the operator P' = UPU^ 1 , obtained from P via the uni- 
tary transformation U induced by the twist. The deformed theory is therefore symmetric 
under particle exchange. 

In the literature several investigations were made concerning the statistics of a de- 
formed theory. In [31] the case of a twist-deformed quantum system at a finite temperature 
was discussed. In [52] the statistics was investigated for a different type of quantization 
prescription, based on the Groenewold-Moyal plane. Contrary to [52], our quantization 
framework requires an ordinary Hilbert space, with the noncommutativity encoded in 
the deformed generators. The statistics was also discussed for a different twist and in a 
relativistic setting in [55] and [51]. For the K-Poincare theories the exchange-symmetry is 
not present and difficult issues are involved in trying to restore it, see [3"5]-[40j. 

For what concerns the rotational invariance of the oscillators under abelian Drinfel'd 
twist deformation the situation is as follows. The two-dimensional deformed oscillator 
maintains the so(2) rotational invariance (this is essentially due to the existence of the eu 
constant antisymmetric tensor), while for the three-dimensional deformed oscillator the 
so(3) rotational invariance is broken down to an so(2)-invariance. 

The scheme of the paper is as follows. In Section 2 we introduce the main ingredients of 
our construction concerning the realization of a twist-deformed Hopf algebra on a Hilbert 
space. In particular we will introduce the dynamical Lie algebra of primitive elements 
(induced by a Heisenberg algebra) associated to the harmonic oscillators and discuss the 
framework of the so-called "hybrid quantization". In Section 3 we apply the previous 
formalism to the quantization of the d = 2 noncommutative oscillator. This Section 
is divided in three subsections presenting, respectively, the single-particle spectrum of 
the deformed Hamiltonian, the construction of the multiparticle deformed Hamiltonian 
and the analysis of the rotational invariance in the deformed case. We will point out 
the unitary equivalence, when applied to a Hilbert space, of the deformed coproduct of 
the deformed Hamiltonian and the undeformed coproduct of the deformed Hamiltonian. 
This equivalence brings, as a consequence, the symmetry of the deformed multi-particle 
Hamiltonian under particle-exchange. In Section 4 we repeat the previous Section steps 
to the case of the d = 3 noncommutative oscillators. We leave to the Conclusions a 
detailed discussion of our results and of their physical applications. The paper is further 
complemented by two Appendices. In Appendix A we point out that the non-additivity 
of the deformed 2-particle Hamiltonian is essential to physically detect a deformation (a 
measurement based on single-particle operators cannot physically discriminate a constant 
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non-commutativity from the undeformed case). In Appendix B the most relevant formulas 
for the Drinfel'd twist deformation of a Hopf algebra are recollected. 



2 The dynamical Lie algebra and its deformation 

The starting point is the ci-dimensional Heisenberg algebra Hd, regarded as a Lie algebra, 
with generators ft (a central charge), Xi and pi (i — 1, 2, . . . , d) satisfying the commutation 
relations 

[xiPj] = ift5ij, [ft,Xi] = [ft,pi] = 0. (1) 

It allows us to introduce the enlarged Lie algebra Q d , containing H d as a subalgebra, 
together with the extra generators H, K, D and L ix id 2 : 

G d = {h,Xi,Pi,H,K,D,L ilia ... id _ 2 }, i = l,...,d. (2) 

The commutation relations among the Q d generators are recovered from the Heisenberg 
algebra relations, together with the identifications 

(PiPi) , 



(3) 
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(the sum over repeated indices is understood). 
For d = 3 we get, explicitly, 



[Xi,Pj] 


= iftSij, 


[D,H] 


= iH, 


[D,K] 


= -iK, 


[K,H] 


= 2iD, 


[xi,H] 


= iPi, 


[xi,D] 


% 
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\Pi,K] 




\pi,D\ 


i 
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[Li,Xj] 




\ L iiPj\ 


l^ijkPki 


[Li, Lj] 


itijk-Lk 



(the remaining commutation relations are vanishing). 
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(4) 



For d = 2 we have a single rotation generator L such that 

[L,pt] = ietjPj (5) 

and vanishing commutation relations otherwise. 

One should note that the presence of h in the denominator of the right hand side of 
([3]) is required in order to define (TjJ as a Lie algebra (Gd is obtained from ([TJ and (j3J) as 
an abstract Poisson brackets algebra). The hamiltonian H of a rf-dimensional harmonic 
oscillator is a linear combination of H and K. We can therefore regard Gd as the dynamical 
Lie algebra of the harmonic oscillator containing, in particular, the generators Li v ..i d _ 2 of 
the (i-dimensional rotations. 

One is now in position to introduce the Universal Enveloping Lie Algebra U{Gd) an d 
endow it with a Hopf algebra structure (see the Appendix B for a short review on Hopf 
algebras). In the undeformed case, the undeformed coproduct implies the additivity of the 
Gd generators (therefore, in particular, the additivity of the momenta and of the energy). 
In [25] the physical considerations leading to the introduction of a dynamical Lie algebra of 
"primitive elements" (in the present case, the Gd generators) have been discussed at length 
and will not be repeated here. We limit ourselves to mention that the identifications 
only hold at a Lie algebra level, but not as a Hopf algebra relation. From now on we will 
denote these weak identifications with the symbol "ps". For instance, in d = 3, we get for 
the third component L z of the angular momentum the weak identification 

hL z ps xp y - yp x . (6) 

Indeed, the coproduct of the left hand side does not coincide with the coproduct of the 
right hand side. Similarly, the h generator can be identified with the 1 identity operator 
only weakly 

H ~ 1. (7) 

When representing the Gd generators as operators acting on a module we are dealing with 
the "~" weak equivalence. 

2.1 The abelian twist-deformed U^^Qd) Hopf algebra 

The U{Gd) algebra can be deformed (see Appendix B) via the twist 

T = exp (iatijPi <g> pj) , = -a^ (8) 

which is abelian since [pi,Pj] = 0. The twist is well-defined due to the fact that the Pi 
momenta are among the generators of Gd- 

The twist induces a deformation (g h-> g^) for the Gd generators, with g T belonging 
to U(Gd)- The generators which commute with pi remain undeformed and the same is 
true of D, due to a contraction between a symmetric and a skew-symmetric tensor. The 
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deformed generators are 



K - aijXiPj + ajk ^ jl PkPih, 

I J ili2"-id—2 ^i\i2-id—2jk^jlPkPl- (9) 

The deformation of the position operators Xi corresponds to the Bopp shift. 

For what concerns the brackets structure that we have to quantize, there are different 
possibilities which have been discussed in [23] - One can use e.g. the twist-deformed 
brackets [■, -]jr, see Appendix B, or the original commutators. The latter choice is the most 
convenient in application to quantization since the brackets between two operators are 
given by ordinary commutators. The presentation of the U J 7 {Qd) deformed Hopf algebra 
in terms of deformed generators and ordinary commutators is known as the "hybrid" 
formalism [23] . It is in connection with the hybrid formalism that we succeed to link the 
abelian twist to the (constant) noncommutativity. Indeed, 

[ X f,xf] = iBy, (10) 

where the constant operator 9^- is given by 

0y = 2 aij h 2 . (11) 

The final justification for using the hybrid formalism is the fact that it produces a self- 
consistent non-trivial deformation in the multi-particle sector. For single-particle opera- 
tors the knowledge of the deformed generators, together with their commutators and their 
action on a module V which possesses the structure of a Hilbert space, is sufficient to 
quantize the system. For multi-particle operators the extra-structure of the (deformed) 
coproduct plays a role. The deformed 2-particle operator associated with the deformed 
generator g T is constructed by applying A J '(g^) £ U T {Qd) ®U F {Qd) to the Hilbert space 
V ® V. The twist F (jSJ), applied to V <S> V, corresponds to the unitary operator F. Since 

tfijlf) = F-A(g^-F-\ 

(12) 

with A(g T ) the undeformed coproduct, we end up that the operators ^(g^), A(g jr ), 
acting on V (8> V, are unitarily equivalent: 

A>(^) = F • AV) • F- 1 . (13) 

This feature also applies for n-particle operators with n > 3. 

It is convenient to introduce the symbol " ~ " when we need to make the distinction 
between an element Q of the (tensor product of the) Universal Enveloping Lie Algebra 
and its action Q on a module. Therefore, G U j: {Qd) while H- 77 :V-^V. 

We have at this point a viable scheme to first-quantize an abelian twist-deformed (non- 
commutative) quantum mechanical system based on the following steps. We introduce at 
first the dynamical Lie algebra Next, we represent it on the Hilbert space V. Later 
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we introduce the twist-deformation and realize the single-particle operators as deformed 
generators g T acting on V. The multi-particle operators are constructed by applying the 
(undeformed) coproducts of g T on the tensor space V <S> . . . <S>V. 

In the following we will show that the choice of using the undeformed coproduct (in- 
stead of the unitarily equivalent deformed coproduct) is particularly useful since A(H JF ), 
i.e. the deformed 2-particle Hamiltonian, turns out to be automatically symmetric in the 
exchange between first and second particle. 



3 The two-dimensional twisted oscillator 

In d = 2 we can express the deformation parameter atij as 

a 



«12 



612-. 



(14) 



From Eq. (jHj) we have that au is a dimensional parameter. Z is a constant unit reference 
with the dimension of [p 2 ] , the square of the momentum, so that a is a non-dimensional 
parameter. Z can be expressed in terms of the mass and the energy separation between 
adjacent eigenvalues of the undeformed harmonic oscillator. In our conventions we choose 
to set Z — 1. Without loss of generality we can restrict a to belong to the fundamental 
domain a G [0, +oo]. The value a = corresponds to the undeformed 2-dimensional 
harmonic oscillator, while the a — > +oo limit is non-singular as shown later. 

For the construction of the Hilbert space V of the 2-dimensional harmonic oscillator 
with Hamiltonian H = H + K (see (J3])) we introduce the creation and annihilation 
operators and a], such that 



where 



s/2 



[ai,a!j] = h5i 



(15) 



(16) 



for i,j = 1,2. 

A different basis, given by b±, is more convenient for constructing the deformed 
spectrum: 



J± 



i a x ± ia) y 



(17) 



with 



[b±A 



h. 



;is) 
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It is such that 

[H,6±] = -6±, 

[H,bt] = bl (19) 

In d = 2 the angular momentum L is a scalar. It satisfies the commutation relations 

[L,b±] = =f6±, 

[L,6l] = ±foL (20) 
The deformed Hamiltonian G U T is given by the expression 



H' = ^ + A - = ff + A -- ttIPa + ttyPl + ^ +P ?). (21) 
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The deformed 2-particle Hamiltonian belonging to U J (G2) ® U T is unambiguously 
fixed in terms of the coproduct, as discussed in Section 2. We have 

A(H jr ) = <g> 1 + 1 ® + a(y ® p x + p x ® y — x ® p y — p y ® x) 
2 2 

+ y ^(2p;fr ® p» + 2^ ®Pih + pl ®h+h® pf). (22) 
1=1 

One should note that the right hand side is symmetric in the exchange of the first with 
the second particle. 



3.1 The single-particle spectrum 

Throughout this subsection we apply the deformed operators to the module, given by 
the Fock space V obtained by repeatedly applying the creation operators on the Fock 
vacuum |0) (fe±|0) = 0). We are entitled to weakly set H = 1, see Eq. ([7j). Since we are 
dealing with operators acting on a module, all equalities in this subsection have to be 
understood as weak equalities. In order not to make our notation unnecessarily heavy we 
avoid here using the " ^ " symbol for operators. No confusion will arise. 
In terms of the b±, operators the Hamiltonian reads as 

H = *£{M}, (23) 
z i=± 

while a number operator N and the angular momentum L can be expressed as 

N = b\b+ + 6 f _6_ = iV + + JV_, 

L = b\b + -b ] _b_ = N+- N_. (24) 
Since [H, L] = 0, the \n + nJ) basis simultaneously diagonalizes both operators: 

H\n + ri-) = (n + + n_ + l)|n+n_), 

L\n + nJ) = (n + — nS)\n + n_) . (25) 
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It is convenient to reexpress the above results through the integers n = n + + n_ and 
m = n + — n_ , so that 



H|nm) 
L\nm) 



(n + l)\nm), 
m\nm). 



a 



H^ + K^ = H + K- axp y + ay Px + y (p£ + p 2 y ), 



The deformed Hamiltonian 

applied to the Hilbert space V, can be reproduced by the linear combination 

= H — aL, 

where 

H = (l + a 2 )H + K 

can be regarded as a renormalized undeformed Hamiltonian. 

In terms of the above expressions the spectrum of can be easily computed: 

H^lnm) = (H — aL)\nm) = (vT+ a 2 ){n + 1) — am \nm), 

for m = —n, —n + 2, . . . , n — 2, n and n a non-negative integer. 

The vacuum is recovered for n = (the vacuum energy is VT+ a 2 ). 



(26) 



(27) 



(28) 



(29) 



(30) 



For n = 1, 2 we have 



IM) 
|1,-1> 
|2,2) 
|2,0) 
|2,-2) 



2 VI 



a, 



2 v / l + a 2 + a, 
3Vl + a 2 -2a, 



3\/l + a 2 , 



3 VI + a 2 + 2a. 



(31) 



This spectrum coincides with the one computed in [10J [13] . 

It is worth pointing out that, in the limit for a — > +oo, the normalized Hamiltonian 



H 



vT 



T 



a' 



(32) 



is well-defined and coincides with the identity operator 1 acting on the reduced Hilbert 
space V C V spanned by the vectors \n,n). The remaining vectors decouple from the 
theory because their energy gap with respect to the degenerate vacuum tends to infinity. 
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3.2 The multi-particle Hamiltonian 

The deformed two-particle Hamiltonian acting on V <S> V is recovered by computing, at 
first, the (undeformed) coproduct of the deformed Hamiltonian H- 77 . We have 

A(H jr ) = H^® l + KSH* + a{y®p x +p x ®y-x®py-p y ®x) 
a 2 2 

+— ^2(2 Pi h ®Pi + 2 Pi ®pih + p 2 ®h + h® pf). (33) 

8=1 

As discussed in the previous Section, the convenience in using the undeformed coproduct 
(unitarily equivalent to the use of the deformed coproduct, when applied to the V <8> V 
Hilbert space) lies on the fact that the right hand side is in this case automatically 
symmetric in the particle exchange. One should also note that the deformed two-particle 
Hamiltonian is no longer additive due to the extra terms dependent on a. Even if no longer 
additive, the coassociativity of the coproduct guarantees in any case the associativity of 
the deformed Hamiltonian. Indeed, for three-particle states, we have the equality 

(id <g> A)A(H" F ) = (A <g> zd)A(H^) = A (2) (H J "), (34) 

where, explicitly 

A (2) (H- F ) = H- F ®l®l + l«)H- F <g)l + l®l<g)H- F 
+a(l ®y®p x + y®l®p x + y®p x ®l) 
+a(l ®p x ®y + p x ®l®y + p x ®y®l) 

— a(l ®X®Py+X®l®Py+X®Py®l) 

— a(l ®Py®X+Py®l®X+Py®X®l) 

2 

+a 2 ^[l ®Pih®pi +pih®pi <g> 1 +pih®pi (g> 1 
1=1 

+1 <g) Pi ® Pift + Pi ® Pift <g) 1 + Pi ® Pift ® 1 
+ft ® Pi ® Pi + Pi ® Pi <g> ft + Pi ® Pi <g> ft 

+-(1 <g> ft ® p 2 + ft <g> p 2 g> l + ft g> p 2 <g> l 

+ l<g>p 2 ® ft + p 2 <g>ft® 1+p?® ft® 1)]. (35) 

The deformed two-particle energy i?^ can be expressed as 

E[ 2 = Ef + E£ + Q 12 , (36) 

where Ef (i = 1,2) are the single-particle energies and f2 12 is an effective interaction term 
(we avoid calling it an interacting potential because it depends on the momenta as well 
as on the position operators). Therefore we have at least two possible interpretations for 
the above results. Either we regard f2 12 as an interaction or we regard (|3"61) as describing 
a system of free (albeit deformed) particles, with O12 7^ as a measure of deformation. 
The associativity is expressed by the three-particle formula 

El23 = -^(12)3 = ^1(23) = Ei + Ef + E[ + Q 12 + f2 23 + fi 3 i + fii 23 , (37) 
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with fi 12 3 recovered from the f^-'s. 

It should be stressed the crucial role of the coproduct in unambiguously determine the 
"interacting term" Qi 2 . 

The formulas f )33|) and fl35l) are equalities in the tensor products of the Universal 
Enveloping Lie algebras U T {Q 2 ) ®U T {Q 2 ) and U T {Q 2 ) ®U T i K Q 2 ) ®U T {<3 2 ), respectively. We 
specialize them now as operator equalities acting on the V®. . .®V multi-particle Hilbert 
space. As discussed before h is mapped into the identity operator (J7J). By expressing 
Qi — Q (g) 1 and Q 2 = 1 <E> fi, we can write the deformed two-particle Hamiltonian 
operator A(H jr ) acting on V £g> V as 

A(H^) = Hf + Hf + a^xf - e^pf) + a 2 Q(^# + pfp®) + 2p?pf^ . 

(38) 

We can write 

A(H T ) = Hf + Hf + fi 12 , (39) 

where the interacting term Q% 2 can be written, in terms of the creation and annihilation 
operators, as 

n 12 = «(1 + a)(b<pb\.® +foi 2) 6V 1) )-«(l-«)(6L 1) 6 t _ (2) + 6L 2) 6L (1) ) 

+a 2 (b^b {2) + b { l¥? + b\ { %l {2) + bl W bl {2) ). (40) 

The computation of the interacting term Qx 2 goes beyond the results of pm EE] . 



3.3 The rotational invariance 

The undeformed harmonic oscillator is rotationally invariant. In d = 2 the deformed 
oscillator maintains the so(2) rotational invariance [25]. This result can be recovered 
as follows. The L generator of the rotation on the xy plane, deformed under the twist 
according to 

L T = L-a(pl+p 2 y ), (41) 
is no longer a rotation generator in the deformed case since 

[L T , xf] = t{e ijX f + 2a Pi h). (42) 

Furthermore, L T does not commute with the deformed hamiltonian H^. 

On the other hand, there exists in the U :F {Q 2 ) Universal Enveloping Algebra a gener- 
ator possessing the above properties. It is the original generator L itself. We have indeed 
that 

[L,Xi T ] = ie i:j xf (43) 

and 

[L, H^] = 0. (44) 

We are therefore assured that the single-particle spectrum is rotationally invariant. The 
rotational invariance is also maintained in the multi-particle sector due to the commuta- 
tion relation 

[A(H'),A(L)]=0. (45) 
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4 The three-dimensional twisted oscillator 



We can repeat for d = 3 the same steps that we discussed for the d = 2 harmonic oscillator. 
The deformation parameter can now be expressed as 

aij = tijk^r- (46) 

As before we set the dimensional reference unit Z — 1. We are therefore left with the 
non-dimensional vector a = (cui, a.2 1 013). Without loss of generality we can choose the xyz 
coordinate system in such a way that the third direction points towards the a direction. 
We can therefore set a = (0,0, (23 = a). As before, the fundamental domain for a is 
a e [0, +00]. 

Without loss of generality we can define the undeformed d = 3 Hamiltonian of the 
harmonic oscillator as H = H + K (where H, K 6 Q 3 ). 

To construct the Hilbert space V of the three-dimensional harmonic oscillator, we 
shall proceed similarly to the d = 2 case. We initially introduce the same creation and 
annihilation operators of (fl5|) . but now with i = 1, 2, 3, and similarly perform the change 
of basis 



J± 



hi 



V2 ' 

b z = a z , 

b\ = 4, (47) 

satisfying, as expected for creation and annihilation operators, 

[&*,&}] = 5ijh, 
[H,6i] = -h, 

[H,&J] = b\. (48) 

with i — ±, z. 

Once applied the abelian twist-deformation (jSj), we have that the deformed Hamilto- 
nian reads as 

2 

H T = H + K- a(x Py - y Px ) + ^-h(p 2 x + p 2 y ), (49) 

and the undeformed coproduct of the deformed Hamiltonian is formally similar to the 

d = 2 case: 



A(H jr ) = Ql + l®!! 37 + a(y®p x +p x ®y-x®p y -p y ®x) 
2 2 

+ ^r'^2(2p i h®Pi + 2p i ®p i h + pi®h+H®pi), (50) 



2 

i=i 



which is symmetric under particle exchange. 

In d = 3 the angular momentum is a vector given in 
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4.1 The single-particle spectrum 

The deformed single-particle spectrum is obtained by applying the deformed operators 
to the Fock space V, constructed in terms of the d = 3 creation operators acting on the 
d = 3 Fock vacuum. We use the same conventions as in the d — 2 computations (we set 
h— 1, we drop the symbol for operators, etc.). 
Let us first express the Hamiltonian as 

H = ^EfMl}, ( 51 ) 

i=±,z 

and recall that in this basis one can write the operators 

N xy = b ] + b + + bib. = N + + N_, 
N z = b%, 

L z = b\b + - blb_ = N + -N_. (52) 

The spectrum of the undeformed Hamiltonian is given in terms of the three non- 
negative integers n±,n z as 

H\n + n^n z ) = +n-+n z + ^j |n + n_n 2 ), (53) 

while the action of the third component of the angular momentum reads 

L z \n + n~n z ) = (n+ — n_)|n + n_n 2 ). (54) 

It is convenient to relabel the states by means of the integers n xy = n + + n_ and 
m = n + — n_, and thus 

H\n xy n z m) = ^n xy + n z + \n xy n z m), 

L z \nm) = m\n xy n z m). (55) 

It is now crucial to perform a splitting in the Hamiltonian. At the algebric level, the 
weak equality 

i=l 

holds. We can therefore separate H into its xy-pa.it and its z-part: 

H = H xy + H z , (57) 

where H xy = \(x 2 + p 2 x + y 2 + p 2 ) and H 2 = \(z 2 + p 2 z ). 

We are now able to calculate the spectrum of the deformed Hamiltonian. It is clear 
that the deformation only affects and that the deformed Hamiltonian 

2 

= H + K - a{xp y - yp x ) + y (^ + p\) (58) 
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can be written as 

= H xy - aL z + H 2 , (59) 

where H xy is again a two-dimensional undeformed Hamiltonian with frequency to = 
s/1 + a 2 . It becomes evident that isotropy is lost. 
Therefore, the spectrum of H- 77 is 



H^lnxyTizTn) 



V1 + a 2 (n xy + 1) - am + ( n z + - 



with m = -n xy , -n xy + 2, 

Below we present a few states and their energies. 



) Tlxy 2, TL X y. 



The vacuum is recovered for n 
For n xy + n z = 1 we have 



n, 



and its energy is \ + yl + a 2 



|0,1,0) 

|i,o,-i) 
|i,o,i) 



+ VT 



a 1 



^ + 2Vl + a 2 + 
\ + 2Vl + a 2 



a:. 



a. 



For + n 2 = 2 we have 



|0,2,0) 

11,1,-1) 

|1,1,1) 
|2,0,-2) 

|2,0,0) 

|2,0,2) 



3 



a' 



2\/l + a 2 + a, 



+ 2Vl + a 2 -a, 



1 



- + 3VT + 



a* 



3^ 



at" 



2a, 



2a. 



(60) 



(61) 



(62) 



It can be noted that the energy of the states with n z = coincides with the two- 
dimensional spectrum up to an additive factor of |, which is the zero-point energy along 
the z-axis. 



4.2 The multi-particle Hamiltonian 

Since the H 2 -part of the Hamiltonian remains untouched by the deformation, the "in- 
teraction" terms are formally exactly the same as in the two-dimensional case, with 
the difference that now H^ 7 is the three-dimensional deformed Hamiltonian belonging 

In particular, for instance, the undeformed coproduct of the deformed Hamiltonian 
fl50l) is unitarily equivalent (acting on V £g> V) to its deformed coproduct. It reads the 
same as fl33|) . and so do the expressions of the energy of the three-particle state fl35|) . of 
the deformed two-particle energy fl36l) and of the energy associativity (1371) . 
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4.3 The rotational invariance 



The deformation of the angular momentum is given by the expression 

L{ = Li + apip z - aiPjPj. (63) 

Explicitly, this means that (i = 1,2,3 is associated with the axis x, y, z, respectively) 

L T X = L x + ap x p z , 
lf y = L y + ap y p z , 

Lf = L z -a(p 2 x +p 2 y ). (64) 

They are not be generators of rotational symmetry, since 

[Lf , xf] = ie ijk x^ - 2ih(5 ij ap z - a^-). (65) 

If we now perform the same computation with the Lj's, 

[L u xf] = ie ijk xl - ih(S ij ap z - Pit*,-), (66) 

we see that the second term of this expression vanishes only for i = 3. Moreover, it is clear 
that [H- 77 , Li] also vanishes only for i — 3. We are therefore led to the conclusion that L z is 
a generator of rotational symmetry, while L x and L y are not. In the Universal Enveloping 
Lie Algebra there are no elements [25] closing the so(3) algebra and commuting with 
H- 77 . This means that the original so(3) rotational symmetry is broken down to a so(2) 
symmetry by the deformation. 

The same is true for the multi-particle states, since 

[A(H^),A(L Z )] = 0. (67) 

5 Conclusions 

In this paper we discussed a framework, based on a series of steps which cannot be 
bypassed, to consistently quantize (in the first-quantization scheme) a twist-deformed 
dynamical system. 

Our scheme can be summarized as follows. At first we introduce the ci-dimensional 
Heisenberg algebra Hd (as a Lie algebra, with h a central element). In terms of the 
Heisenberg algebra generators we introduce a dynamical Lie algebra Gd containing the 
Hamiltonian operator, the momenta p^s, as well as other generators. For the harmonic 
oscillator the algebra Gd is finite-dimensional. For more general potentials, the algebra Gd 
can be infinite-dimensional (see [25]). The (undeformed) Hopf algebra structure is intro- 
duced on the Universal Enveloping Algebra U(Gd)- This is a crucial step. As discussed 
in [23] and [2S], we are led to inconsistencies when trying to encode a physical system 
within the Hopf algebra structure of the Universal Enveloping Algebra U(T-Ld)i based on 
the Heisenberg algebra. Next, we apply the abelian Drinfel'd twist and construct the 
deformed Hopf algebra U :F (Gd)- The physical quantities are associated with ^-deformed 
generators and their coproducts. 
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The following step is introducing the Hilbert space V as the module upon which 
U T {Qd) acts. We adopt the so-called hybrid formalism prescription which leads to a 
consistent quantization. V is the Fock space defined by the original undeformed creation 
and annihilation operators. We are therefore in the position to compute the deformed 
single-particle operators. We recover, for the noncommutative harmonic oscillators, the 
energy spectrum computed in pill [13]. A key issue of our framework is that it allows us to 
further compute deformed multi-particle operators from the coproducts of the deformed 
generators. Acting on V®. . .®V , the undeformed coproduct is unitarily equivalent to the 
deformed coproduct. We argued, for the systems that we investigated, the convenience 
of using the undeformed coproduct, because in this case the symmetry under particle 
exchange becomes manifest (A(H jr ) is symmetric under particle exchange, while A- F (H jr ) 
is not). 

The energy is no longer additive in the deformed case, but it maintains the associativity 
as a consequence of the coassociativity of the coproduct. On physical grounds, the most 
important byproduct of our method is the computation of the f2i2 term entering either fl36l) 
or (|37|) . VL12 can be regarded as an effective interacting term, induced by the deformation, 
between two free oscillators. 

We pointed out that, at an operational level, the abelian twist-deformation cannot 
be detected by performing measurements on single-particle operators alone. Indeed, the 
spectrum of the single-particle deformed Hamiltonian can be reproduced by a lin- 
ear combination (see fl28l) and fl59l) ) of undeformed generators belonging to Gd- I n t ne 
undeformed case the energy, however, is additive, so that in particular Q12 = 0. There- 
fore, we cannot claim that our dynamical system is truly deformed unless we measure a 
multi-particle operator (at least a two-particle operator) and find out that ^12 7^ 0. 

We used the presented scheme to first- quantize the non-commutative oscillators in 
presence of a constant non-commutativity. We were able to extend the results presented 
in the literature by computing the multi-particle operators. We furthermore checked out 
that the so(2) rotational invariance of the d = 2 oscillator is preserved under deformation, 
while the so(3) rotational invariance of the d = 3 oscillator is broken down to an so(2) 
subalgebra. 

The broad lines of our scheme can be repeated in more general cases, like the de- 
formation of potentials which are no longer quadratic (implying an infinite-dimensional 
dynamical Lie algebra Gd) and/or the extension of the abelian twist-deformation to a 
non-abelian case (e.g., the Jordanian twist [UJH2])- There is a whole list of subtle issues 
which have to be separately investigated in each such case. We can mention, just as an 
example, the question whether the symmetry under particle exchange is preserved under 
a Jordanian twist- deformation. 

A Detecting deformations through multiparticle op- 
erators 

In this Appendix we make some comments about the physical implications, at the opera- 
tional level, of the twist deformations, focusing on the noncommutative d = 2 and d = 3 
oscillators discussed in Sections 3 and 4 respectively. 
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We were able to recover, within our framework, the energy spectrum of the deformed 
single-particle Hamiltonian derived in [JUJ [32]. A careful examination of this spectrum 
shows a very important feature, namely that it can be reproduced by a linear combination 
of the undeformed generators (see e.g. formula (1281) . where the spectrum for is 
reconstructed in terms of H and L). This observation brings an important consequence. 
A measurement of the system which only involves single-particle observables is not able 
to detect whether the system is truly deformed or not. The deformation we are dealing 
with (the abelian Drinfel'd twist) only makes itself manifest in the multi-particle sector. 
The measurement of the two-particle observables is required (and sufficient) to detect 
whether the system is deformed or not. Indeed, in the undeformed case the total energy 
E12 of a two-particle system is additive, given by the sum of the energies Ei,E 2 of its 
single-particle components: 

E 12 = E 1 + E 2 . (68) 

On the other hand, in the deformed system, the average (Ei 2 ) of the two-particle total 
energy, computed in the tensor product of the single-particle eigenvectors, is given by 

(E 12 ) = E 1 + E 2 + (Q 12 ). (69) 

The Hermitian operator fi 12 7^ in the right hand side (which is not diagonal in the 
basis given by the tensor product of single-particle energy eigenvectors) can be regarded 
as an effective interacting term, while E\, E 2 are the same as before. We computed here 
explicitly Vt\ 2 for the non-commutative oscillator (see formula ( HOI . It is clear at this 
point that the importance of the (twisted) Hopf algebra framework cannot be dismissed. 
It allows to compute the operator Q12, which in its turn encodes the information about 
the deformation. 

It has to be stressed that an arbitrary Hermitian two-particle operator in the right 
hand side of ( 16"9~j) is not in general admissible. A set of consistency conditions (which are 
satisfied by the operator Qi 2 that we determined) have to be fulfilled. They include the 
symmetry under particle exchange (see Eq. ( 133]) ) and the associativity of the energy (see 
Eq. (ED). 

B A review on Hopf algebras and Drinfel'd twist 

In this appendix we shall briefly review the most important formulas concerning Hopf 
algebras ^ US M\ and their Drinfel'd twist UH HE]. 

A unital associative algebra over the field k is a vector space A over k along with 
the k-linear maps fi : A ® A — > A (multiplication) and 77 : k — > A (unit) satisfying 
MM a (g) b) Cg> c) = /i(a ® ^(b ® c)), Va, b,c G A (associativity), and 7/(1) = 1 (existence of 
unit 1 E A). 

These notions can be dualized: a coalgebra over the field k is a vector space C over k 
along with the k-linear maps A : C — > C ® C (coproduct or comultiplication) and e : C — > 
k (counit) satisfying A(ai) (g) a 2 = a\ ® A(a 2 ), Va 6 C (coassociativity), and e(l) = 1 
(counitarity). Note that the Sweedler notation [33] A(a) = J2i ( a i)« ® ( a 2)j = a i <S> a 2 is 
being employed. 
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Let now (if, //, 77) be an algebra over k and (if, A, e) be a coalgebra over k. We call 
(if, //, 77, A, e), or simply if, a bialgebra if the structures /1 and 77 and the costructures A 
and e are compatible, i.e., /1 are 77 coalgebra homomorphisms and A and e are algebra 
homomorphisms. 

Take now an algebra A and a coalgebra C and define, for f,g G Hom(C, A), the 
convolution f * g = ^a(J ® g)^c- If if is a bialgebra and there exists an element 
S* G Hom(if , if) which is the inverse of the identity with respect to the convolution 
operation, i.e., S * lHom(H,H) = lHom(ff,ff) * S = i] H oe H , (if, /i, 77, A, e, 5), or simply if, is 
called a Hopf algebra. The unique element S : ff — >■ ff is called antipode ou coinverse. 

The definition of a Hopf algebra can be summarized by the commutativity of the 
diagram 



We will now introduce the notion of Drinfel'd twist [19J. A Hopf algebra if is said 
to be almost cocommutative if there exists an invertible element TZ G ff ® if such that 
r o A = TZATZ^ 1 , where r is the flip map. Moreover, an almost cocommutative Hopf 
algebra is said to be quasitriangular if (A £g> id)TZ = TZ\^TZ2z and {id ® A)TZ = TZrsTZu, 
where TZi 2 = TZ a <g) TZ a <g> 1, TZn = TZ a <8> 1 <8> TZ a and TZ 2 3 = 1 <S> 72.° <g) 7^0, (we are denoting 
TZ = 7Z a ® TZ Q and 7£. _1 = 72. a £g> 7^0,). The element 7?. is called quasitriangular structure 
or universal R-matrix. Additionally, if 7?.2i = TZ 1 -, H is said to be triangular. Every 
cocommutative Hopf algebra is trivially triangular with TZ — 1 <g) 1. As a consequence of 
the definition, we have that the quasitriangular structure TZ satisfies the quantum Yang- 
Baxter equation TZyiTZ\zTZ2?, = TZ2zTZ\^TZi2 ) hence its name universal R-matrix. 

Let now (if, /i, 77, A, e, S) be a cocommutative Hopf algebra and J 7 G H®H a counitary 
2-cocycle, i.e., (1 <g> F)(id® A)JF = (J 7 <g> 1) ( A <g> id) J' and (e®id)F = 1 = (id®t)F. We 
have that x = /ii(i<i <8> .S^J 7 is an invertible element of if with \T X = ^{S ® id)^^ 1 . Now 
define A^ : if if g> if and : if ->■ if as A^ = T AT' 1 and 5 ,jr = x^x -1 - It can be 
shown that (if, /i, 77, A- 77 , e, S^) is a triangular Hopf algebra with universal R-matrix given 
by TZ = J-2iJ-~ l - We call the twisted Hopf algebra (if , /1, r], A^, e, S^) simply R T . The 
element J 7 is called a twzst, and the notation T = f a ® f a and J 7-1 = f a ® f a is frequently 
employed. It should be pointed out that, as an algebra, if is the same as if 77 , that is, 
they are the same vector space and the algebric structures fi and rj remain unchanged. 

Let us now consider the case of a Lie algebra g consisting of generators 7j satisfying the 
commutation relations [t^t,] = iC^r fc . It is not a unital associative algebra in general. 
However, there is a natural construction of a unital associative algebra which contains 
g: the universal enveloping algebra U(g), which is the quotient U(q) = T(g)/f, where 
T(g>) = ©„>o9® n i s ^e tensor algebra of g and I the ideal generated by all elements of 
the form x <£>y — y (g) x — [x, y]. The Poincare-Birkhoff-Witt theorem guarantees that U(q) 
is the algebra of all polynomials of the generators Ti modulo the commutation relations. 



H®H 



S®id 
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The universal enveloping algebra has a natural Hopf algebra structure if we define 
the costructures as A(tj) = Tj <g> 1 + 1 ® Tj and e(rj) = and the antipode as S'(rj) = — Tj. 
Therefore, it can undergo Drinfel'd twist following the procedure above, and the resulting 
twisted Hopf algebra is called U t {q). 

It is only natural to ask which is the linear subspace C U^^q) analogous to q C 
U(g). Its elements are called the deformed generators r/\ The three conditions for 
this subspace (see [IS] ) are the following: that {t/ 7 } form a basis of q^; the minimal 
deformation of the Leibniz rule, A jr (r/ r ) = t[ <g> 1 + f- <g> r^, with // e W(g); and that, 
under the deformed adjoint action denoted by [•, -]jr, the structure constants of g are 
reproduced. There is a canonical procedure to obtain q t (see [2TJ[22]). Take as deformed 
generators t[ = f a {j i )f a with deformed coproduct given by A- F (r/ r ) = r/ 7 g) 1 + 7t a ® 
T^-aijfy The deformed adjoint action is given by [rf, tJ\j: = {r[)i ■ tJ ■ S T ((t/ 7 ^))- 
The % T thus constructed meets the three requirements above. 
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